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$S$ : maximal $F$-split torus. $S(F)=\{diag(S1, \ldots, ss_{1}n"., s-1..-1)n|s_{i}\in F\}$
$T$ : maximal torus. $T(F)=\{diag(t1, \ldots,tn’ t^{-1}1^{-}, .., ,t_{n}^{--1})|t:\in E\}$
$B=T\ltimes N$ : Borel subgp where,
$N(F)= \{|andb\in Matu\in GLn(E),uppe_{S}r.trianglarn(E)tb=^{t}\frac{u}{b}\}$
$P^{(r)}=M^{(r)}\ltimes U^{(r\rangle}(1\leq r\leq n):\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{d}$ maximal parabolic subgp.where,
$M^{(r)}(F)$ $=$ $\{$ $arrow.\lrcorner_{_{\sim_{\mathrm{r}}}\prime}.$ ‘
$|g\in GL_{r}(\in Un-r,n-r(E/F)E)\}$





$F$ $v\text{ }F_{v}$ valuation ring $O_{v}\text{ }$ residue order $q_{v}$
$E_{v}:=E\otimes_{F}$
(A) $v$ split. : $E_{v}\simeq F_{v}\oplus F_{v}$ as $F_{v}$-algebra.






skew-hermitian space $(V, \phi v)$ isometry group $W:=V\oplus V$
W sesquilinear form $\emptyset w$
$\phi_{W}((v_{1}, v_{2}),$ $(v_{1’ 2}’v)’)=\phi_{V}(v_{1}, v_{1}’)-\phi V(v_{2}, v_{2}’)$
$(W, \phi w)$ skew-hermitian space $H(F)$ –
$i(g1,g_{2})\in H(F)$ $W$
$(v_{1}, v_{2})\cdot i(g1,g_{2})=(v_{1}\cdot g1, v_{2}\cdot g_{2})$
$G\cross Garrow H$
$G$ H $S_{H},T_{H},$ $BH,$ $P_{H}$ etc.
v $G_{v}$ , $H_{v}$ good maximal compact subgroup $K_{v}$ $(K_{H})_{v}$
$K:=\Pi_{v}Kv’ KH:=\Pi v(IcH)_{v}$










$\bullet$ $v$ non-split $E_{v}/F_{v}$ .
$\mathrm{L}$- $L(s, \pi_{v}, rt)s=L(s, \pi_{v})$
;




$\pi_{v}rightarrow Ind_{B_{v}^{v}}^{c(}(\mu 1’., \mu_{2n})v)..(v)$
$L(_{S,\pi_{v}})=i \prod_{=1}L(_{S}, \mu^{()}i)vL(s, \mu^{()-1}i)v$
(B) $v$ non-split $\mathrm{n}$ Ev quasi-characters $\mu_{1}^{(v)},$ $\ldots,\mu_{n}^{(}v$)
$\pi_{v}-Ind^{c_{v}}(Bv\mu_{n}\mu_{1}^{()},.,)v..(v)$
$L(_{S,\pi_{v}})=i=1 \prod^{n}L(S, \mu i)(v)(Ls, \mu_{i}(v)-\backslash 1)$
$L(s, \mu)$ quasi-character Tate L- v split/non-
split $L(s, \pi_{v})$ $q_{v}^{-s}$ degree 1 $4\mathrm{n}$
$\mathrm{S}$
$\pi=\otimes_{v}\pi_{v}$ standard
L- $L_{S}(s, \pi, r_{S}t)=L(S, \pi)$
$L(s, \pi)=v\prod_{\not\in s}L(_{S}, \pi_{v})$
$Re(s)>>0$ ([1] )
2 Basic Identity.
$P_{H}(\mathrm{A})$ complex character $\delta_{s}$ : $P_{H}(\mathrm{A})arrow \mathbb{C}^{\mathrm{x}}$ $\delta_{s}:=(\delta_{P_{H}(\mathrm{A}}))^{s/}2n$
$\delta p_{H()}\mathrm{A}$ $P_{H}(\mathrm{A})$ topological module $\delta_{S}=\Pi_{v}\delta^{(v)}s(\delta_{s}^{(v)}$ $P_{H}(F_{v})$
complex character) $\delta_{s}^{(v)}$
$(\mathrm{A})v$ split; $\delta_{s}^{(v)}()=|det(g_{1})|_{v}s|det(g2)|^{-S}v$ for $g_{1},$ $g_{2}\in GL_{2n}(F_{v})$
$(\mathrm{B})v$ non-split; $\delta_{s}^{(v)}( (_{0}^{g} {}^{t}\overline{g}^{-1}*))$ $=|det(g)|_{E}^{S}v(=|det(g)\overline{det(\mathit{9})}|_{v}^{s})$ for $g\in GL_{2n}(Ev)$
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$f_{\ell}\in ind_{P_{H}}H(\mathrm{A})(\mathrm{A})(\delta_{s})$ $H(\mathrm{A})$ Eisenstein
$E(h;fs):= \sum_{\epsilon\gamma PH(F)\backslash H\mathrm{t}F)}fs(\gamma h)$




$fs=\otimes vf_{s}^{(v})\in ind(P_{H(^{)}}\mathrm{A})\delta s)H(\mathrm{A}$
Theorem 1 (Piatetskii-Shapiro,Rallis)
$\int_{G(F)\backslash }G\mathrm{t}\mathrm{A})\int_{G(F})\backslash c(\mathrm{A}))E(i(\mathit{9}1, g_{2});fs)\varphi(g1)\tilde{\varphi}(g2dg1dg_{2}$
$= \prod_{v}^{:}\int_{G}(p_{v})(f_{S}^{(}v)(i(gv’)1)<\pi vgv)\varphi v’\tilde{\varphi}_{v}>dgv$
$\mathcal{Z}(f_{s};\varphi,\tilde{\varphi})$ , $\mathcal{Z}_{v}(f_{s}^{(v});\varphi_{v},\tilde{\varphi}_{v})$
$\mathcal{Z}_{v}(f_{s}^{(v});\varphi_{v},\tilde{\varphi}_{v})$






$\phi_{s}=\otimes_{v}\phi^{(v)}s\in ind_{P_{H}(\mathrm{A}}^{H}(\mathrm{A})()\delta s)$ $\phi_{s}\equiv 1$ on $K_{H}$ – $\phi_{s}$




const. term of $E(h;f_{s})= \sum_{w\in\Omega_{H}}I_{w}(f_{s})$
$\Omega_{H}$ $(*)$ $H$ (relative) Weyl
$W_{H}$ :
$(*)\ldots\{1, \ldots, 2n\}$ $i$ , $k$




$\chi_{\iota}\dot{.}$ (if $l\leq k$ )
$-x$: (if $l\geq k+1$ )
$I_{w}(f_{s})$ $w\in W_{H}$ intertwining operator $w\in W_{H}$ $(N_{H})_{w}^{-}=$
$\Pi_{\alpha>0,w\cdot\alpha<}0(N_{H})\alpha$
$I_{w}(f_{s})(h)= \int_{(N_{H})_{w}^{-}(}\mathrm{A})dfS(wnh)n$
$f_{s}=\rho(h)\phi_{s};h\in H(\mathrm{A}_{f})$ [resp. $f_{s}=\rho(X)\phi_{s}$ ; $x\in \mathfrak{h}_{\infty}$ ]
$\text{ _{ }}$ $w\in\Omega_{H}$ $I_{w}(f_{s})(h)$ Gindikin-karperevich product
formula








$\cross 1\leq\iota\leq k<m\leq 2n,.m>11.i\iota-\zeta E(\backslash \overline{2s-4n+l+m)}$
$\zeta_{F},$ $\zeta_{E}$ $F$, E Dedekind local version
$c_{w}^{(v)}(S)$ (– )[3],[6]
cancelling





$d_{H}(s):= \prod_{l=1}^{2n}\zeta F(2S-2\iota+2)\prod_{l=1}^{n}\zeta E(2_{S}-2\iota+1)$
$r\in\{1, \ldots, 2n\}$
$M(r):=\{m\in \mathbb{Z};k<m\leq 2n, i_{m}<i_{r}\}$
$\mu(r)=\min(M(r))$ ( $r\geq i_{2n}$ $M(r)\neq\phi$
) .
$d_{H}(s)$ $w\in\Omega_{H}$ $c_{w}(s)$ ;
Proposition 4 $k\leq n$








Theorem 5 $f_{s}\in \mathcal{I}(S)$
$d_{H}(s)\mathrm{X}E(fs;h)$





Theorem 6 $v$ $G(F_{v})$ $\pi_{v}$ $\omega_{v}$ $mat_{\dot{\mathcal{H}}x}$ element
$f_{s}^{(v)}\in \mathcal{I}_{v}(s)$
$Z_{v}(f_{sv}(v); \omega):=\int_{G(F)}f_{S}(v)(i(gv’))\omega v(v1g_{v})dg_{v}$
$Re(s)\gg \mathrm{O}$ . .
$v$ non-arch. $\mathcal{Z}_{v}(f_{s}^{(v)}; \omega_{v})$ $q_{v}^{-s}$ $v$ arch.
}f‘ $((po\iota_{y}nomia\iota_{\mathit{0}}fs))\cross$ ($(gamma$ functions))
( $v$ arch./non-arch. , split
$/\mathrm{n}\mathrm{o}\mathrm{n}$-split ) $z_{v}(f^{(v}s);\omega_{v})$ : $\omega’$
$GL_{m}$ matrix element, $\Phi^{(1)},$ $\Phi^{(2)}\in S(Mat_{m})$ ( arch place polynomial




Lemma 7 $K_{v}$ elementary idempotent $\beta_{v}$ $V_{\pi_{v}}( \beta V):=\{\int_{K}\beta_{v}(k)\pi(vk)\varphi vkd;\varphi v\in$
$\pi_{v}\}$ ( ) $V_{\pi_{v}}(\beta)$ basis $\{\varphi_{\beta_{v}}^{(1)}, \ldots, \varphi_{\beta v}^{(N)}\}$ dual basis
{ $\varphi_{\beta v}^{(1)*},$ $\ldots$ , $\varphi_{\beta_{v}}^{(N)*}$ $\varphi_{v}\in\pi_{v},\tilde{\varphi}_{v}\in\tilde{\pi}_{v}$
$\int_{\mathrm{A}_{v}’}\beta_{v}(k)<\pi v(g_{1}kg2)\varphi v’\tilde{\varphi}v>dk=\sum<\pi v(g2)\varphi_{v},$$\varphi_{\beta_{v}}><\pi((l)*)vg_{1}\varphi_{\beta},\tilde{\varphi}_{v}l(\iota)v>$
$\int_{K_{v}}\beta_{v}(k)\Phi^{()}1(kZ_{1})dk=\Phi(1)(Z_{1})$
elementary idempotent $\beta_{v}$
split case $Re(s)>>0$ $S$ $:=$
$S(Mat_{2n}\cross 4n)(F_{v})\mathrm{B}_{1}\text{ }ind_{(P_{H}}^{H_{v}}()_{v}\delta^{(}v))s\wedge \text{ }H_{v}$ -intertwining map $\Phi_{v}\mapsto F_{\Phi_{v}}(\cdot, s)*$
$F_{\Phi_{v}}(h, s)=|det(h)|_{v}^{S} \int_{GL_{2_{\hslash}}(F)}\Phi v((\mathrm{o}, Z)vh)|det(z)|_{v}^{2s}d\mathrm{x}z$
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$\Phi_{v}$ non-arch. Mat$2n\mathrm{x}4n(Ov)$ arch.
$\Phi_{v}(z)=$
. $\mathcal{I}_{v}(s)$ $S$ image $f_{s}^{(v)}(i(g, 1))=$
$F_{\Phi_{v}}(i(g, 1),$ $S)$ $\mathcal{Z}_{v}(f_{s}^{(v)};\omega_{v})$
non-split case non-arch.
$\mathrm{r}(1\leq \mathrm{r}\leq \mathrm{n})$ $GL_{r}(E_{v})$ \tau v’ $U_{n-t,n-}r(E_{v}/F_{v})$ supercuspidal
$\ovalbox{\tt\small REJECT}$
$\pi_{v}rightarrow Ind_{P_{v}^{1)(\mathcal{T}}}^{H_{v}}rv\otimes\tau_{v}’$ ) matrix element
$G_{v}$ $=P_{v}^{(r)}K_{v}$ $\mathcal{Z}_{v}(f_{s}^{(v)}; \omega_{v})$ ;





( $\omega_{1},\omega_{2}$ \tau v’ $\tau_{v}’$ matrix element)









$i(U^{(r)} \cross 1)=\prod_{0\alpha<0\ w_{\Gamma}\alpha>}(N_{H}-1.) \alpha$
\S .3 intertwining operator $f_{s^{v}}^{()}\in \mathcal{I}v(S)$ $f_{s}^{(v)}=\rho_{v}(h0)\phi_{s}^{(v)}$
$\int_{U_{v}^{(}}$ $f_{\ell}^{(v)}(i(u, 1)h)du=C(S)\cross\emptyset_{w^{-}}1.(s)(w_{r})vrw_{r}^{-}1hh_{0}$
$\text{ }\emptyset_{w_{r}\cdot S}-1$ ;
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$(_{S_{1}=2_{S}3+2r}-n, s2=-s+3n-r, S3=-r, S4=s)$
$\xi_{v}(s)$ $E_{v}$ local zeta $s$
$h=w_{r}^{-1}\cdot i(m_{12}m,1)$
$\omega_{2}$ $\tau_{v}’$ supercuspidality
(local unitary group center anisotropic \mbox{\boldmath $\omega$}2 )
non-split case
arch non-split $\pi_{v}$
5 Explicit computations at unramified places.
v $\omega_{v}^{(0)}$ $\pi_{v}$ zonal spherical function $d_{H}^{(v)}(s)$
\S .3 normalizing factor $d_{H}(s)$ v-th factor
$d_{H}^{(v)0}(_{S})\mathrm{X}z(v\phi_{S}^{(v)};\omega_{v})$
$L(s, \pi_{v})$ – ( Dedekind zeta local
factor )split place non-split









$= \int_{G_{v}}\phi^{(v}s)(i(g, 1))<\varphi_{v}(0g),\tilde{\varphi}0(v)1>\tau vdkdg$
$G_{v}=U_{v}MvK_{v},$ $dg=\delta Pv(m)-1dudmdk$
$= \int_{U_{v}}\int_{M_{v}}\phi_{s}(v)(i(um, 1))<\tau_{v}(m)\varphi v(01),\tilde{\varphi}v(01)>_{\tau_{v}}\delta P_{v}(m)^{-}1/2dudm$
Lemma 8 ($r=n$ )






$(\Phi_{0}^{(},$$\Phi_{0}1)(2)$ $Mat_{n\mathrm{X}}4n(O_{E_{v}})$ , Mat$2n\cross 4n(o_{E_{v}})$ )
$\xi_{1}(s_{1})=\prod\zeta_{E_{v}}k=1n(s1-k+1),$ $\xi_{2}(s_{2})=\prod_{=k1}2n\zeta_{E_{v}}.(s_{2}-k+1)$
$w_{n}\in(K_{H})_{v}$
$\phi_{w^{\frac{)}{n}1}\cdot s}^{(v}(w_{n}^{-1}i(m, 1))=\phi_{w^{\frac{)}{n}}\cdot s}^{(v}1(w^{-}i(nm, 11)w_{n})$
$m=$ : $g\in GL_{n}(E_{v})$
$= \xi_{1}(s_{1})\xi 2(S_{2})\int GL_{\hslash}(E_{v})\Phi_{0}^{(1})((z_{1}, \mathrm{o})\cdot)|det(Z1)|sE_{v}1d^{\mathrm{x}}Z_{1}$
$\cross\int_{GL_{2\hslash}(E_{v})}(0,$ $z_{2}\cdot)|det(Z_{2})|s2d^{\mathrm{x}}z_{2}E_{v}$
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( $\Phi_{0}^{(1)}$ If $(2\mathrm{n}+1)$- $4\mathrm{n}$- $(\mathrm{n}\cross 2\mathrm{n})$ - )
$= \xi_{1}(s_{1})\cdot|det(g)|^{S}E_{v}^{2}\int_{GL_{n}(E_{v})}\Phi 0(Z|z\cdot{}^{t}\overline{g}-1)|det(z)|_{E^{1}}Svd^{\mathrm{x}}z$




$=c_{w_{n}}^{(v}()S)\xi_{1}(2_{S}-n)^{-1}\cdot Z(\Phi_{0}’-n/;s2,\omega_{\tau v})\prime Z(\Phi’;s-0n/2,\tilde{\omega}_{\tau_{v}}’)$
$\text{ }\Phi’0$ $Mat_{n}(o_{E_{v}})$ $Z()$ Godement-Jacquet $\omega_{\tau_{v}}$
\tau v( $=Ind_{B_{v}\cap v}^{M_{\text{ }}}$ ($M\mu 1$ , ldots, $\mu_{n}$ )) zonal spherical function on $M_{v}(=$
$GL_{n}(E_{v})),$
$\omega_{\tau_{v}}$
’ g\mapsto \tau (tg--l)( ) zonal spherical function
[4] $\pi_{v}rightarrow Ind_{B_{v}^{v}}^{G}(\mu_{1}, \ldots, \mu_{n})$
$d_{H}^{(v)0}(S)z_{v}(\phi^{(}s)v;\omega_{v})$
$=d_{H(S}^{(v)})c_{w}^{()}vn(S) \xi_{1}(S_{1})^{-}1k=\prod_{1}^{n}L(s-n+\frac{1}{2},\mu k)L(s-n+\frac{1}{2}, \mu^{-}k)1$
$=d_{H}^{(v)}(S)c_{w_{n}}^{()}(v)s \xi 1(S_{1})^{-}1L(S-n+\frac{1}{2}, \pi_{v})$
split unramified place $\pi_{v}-Ind_{B_{v}^{v}}^{G}(\mu\iota, \ldots, \mu 2n)$
$d_{H}^{(v)}(s) \mathcal{Z}_{v}(\emptyset(s;\omega v)v)0=d^{(v})(H)\xi(S)^{-}1sL(s-n+\frac{1}{2})i$
( $\xi(s)=\prod_{k=1}\zeta F$ $(2s-k+1)$ )
$\mathrm{s}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}/\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{s}_{\mathrm{P}}1\mathrm{i}\mathrm{t}$ ‘ ” $b_{v}(s)$
split case
$d_{H}^{(v)}(s)= \prod k=12n\zeta_{F}v(2S-2k+2)\prod_{=k1}\zeta Fn$ $(2s-2k+1)^{2}$
$b_{v}(s)=d^{(v)}\xi H(S)-1$












$b(s)= \prod^{n}k=1\zeta p(2s-2k+1)\zeta F(2s-2n-2k+2)\text{ }b_{v}(s)$ v-th local factor
\S .3 Prop.4 $b(s)$ normalized Eisenstein series
$d_{H}(s)E(f_{s}; h)$ constant term $\backslash$ ( $c_{w}(s)$ ; $w\in W_{H}$
$b(s)$ ) $L(s, \pi)$ possible poles
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